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The problems of existence, uniqueness and continuous dependence on parameter 
of solutions of the nonlinear boundary value problem of Sturm-Liouville type for 
ordinary differential equations are considered. The well-known Banach fixed point 
theorem is used to establish results. 0 1985 Academic Press, Inc. 
1. INTRODUCTION 
Macki and Waltman [9] have studied the following Sturm-Liouville- 
type boundary value problem (BVP) 
x’ =f(t, 4 Y, A), (1) 
Y’ = g(t, 4 y, A), (2) 
A,x(a)+A,y(a)=O, (3) 
BlX(b) + 4 y(b) = 0, (4) 
under some suitable conditions. The work of Macki and Waltman [9] 
examines the existence of eigenvalues of the parameter 3, for which there 
exists a nontrivial solution of BVP (l)-(4). The problems of this type are of 
great importance from both the theoretical and the applied point of view 
(see [ 1,6, 151). Our interest in such problems was motivated by their 
occurrence in various branches of transport theory and in the problems of 
optimal economic growth; see [7, 8, 12, 131 and the references given 
therein. Here we assume throughout that x, YE C[Z, E], f, gE C 
[lx E x E x R, E], Ai, Bi (i = 1,2) are constants such that A 1 # 0, B, # 0, 
where Z= [a, b], E denotes the Banach space with convenient norm II.11 
and R denotes the set of real numbers. 
In this paper we present a set of conditions on functions A g which are 
sufficient to guarantee that BVP (lt(4) has a unique solution. We also 
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determine conditions for continuous dependence of solutions of BVP 
(l)-(4) on a parameter 1. Our results are obtained by using the Banach 
fixed point theorem. The sulhcient conditions obtained here are different 
than those obtained by various authors in [2-5, 7-9, 12--141 and our 
approach to the problem is different as well. 
2. MAIN RESULTS 
In this section we establish our main results on the existence of a unique 
solution and continuous dependence on parameter of solutions of BVP 
(l)-(4). For convenience we first list the following hypotheses. 
(H,) FordoR, (t,xi,y,,I)~ZxExExR (i=l,2), 
II f(c Xlr Yl, 2) -f(t, x2, Y2, A)II ~P(f)CllXl -x*lI + IIY, - Y2ll1, 
II~~~~~1~~1~~~-~~~~~2~Y2~~~I/~~~~~Cll~l-~,ll+llY~-~,ll1, 
where p, q E C[Z, R + ] such that 
s ’ P(s) exp(Ls) ds < a exp(Lt), u 
s b q(s) exp(Ls) ds Q P exp(Lt), f 
for 1 E Z, in which L is a positive constant and a, /I are nonnegative con- 
stants such that 0 6 a + fi < 1. 
(H,) For every fixed 1 E R there exist nonnegative constants N,, N2 such 
that 
s : Ilf(s, 6 4 l)ll ds < N, exp(Lt), 
I ,b II&, 0, 0, n)ll ds<N,exp(Lt), 
for t E Z, where 0 is the zero element in E. 
(H3) There exist nonnegative constants M, , M2 and functions 
p,,, q,,e C[Z, R+] such that for (t, x, y, li)~Zx Ex Ex R (i= 1,2), 
Ilf(c 4 Y? 4) -f(f, 4 Y, ~2111 G Al(t) IA - 221, 
IId x9 YY 4) - dt, x9 Y, A,)ll G 40(f) I4 -&I, 
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and 
s rb q&l ds 6 M2 exp(lt), 
for t E I. 
Let B= E x E be the product space equipped with the norm 
lIz(t)Il Ilzl(t)ll + llz2(t)lL z=(z1,z2)cB, tEZ. 
Let S be a space of those functions z = (zr , z2) f B, which are continuous 
for t E Z and fulfill the condition 
I14t)lls = O(ev(Lt)), t E I. (5) 
In the space S we define the norm (see [lo]) 
lIzIll =supCIlz(t)ll,exp(-Lt)l. 
rcz1 
(6) 
It is easy to see that S with the norm defined in (6) is a Banach space. 
We note that the condition (5) implies that there exists a constant A4 2 0 
such that lIz(t) < M exp(lt), t E I. Using this fact in (6) we observe that 
I/zIl, GM. (7) 
We now establish the following existence-uniqueness theorem for BVP 
(1 H4). 
THEOREM 1. Assume that the hypotheses (H 1) and (HJ hold. Then for 
every LE R there exists a unique solution (x, y) E S of BVP (l)-(4). 
Proof. Let 3, E R be fixed. For z = (x, y) E S we define the operator Tz = 
(T, x, T, y), where the operators T,, T2: E -+ E are defined by 
T,x(t) = CI + j' f(s, x(s), Y(S), 1) 4 
cl 
T, At) = ~2 - I ’ g(s> x(s), Y(S), A) 4 I 
where c, = -(A,/.4 1) y(a) and c2 = -(B,/B,) x(b). Clearly the solution of 
BVP (l)-(4) is a fixed point of the operator equation Tz = z. We first prove 
that T maps S into itself. Evidently T is continuous and Tz E E x E for t E Z. 
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We verify that (5) is fulfilled. From (8) and (9) and using (H,) and (Hz) 
and (7) we obtain 
G IICIII + J’ P(S) ll4s)ll B exp( - Ls) exp(ls) + N1 exp(lt) 
(2 
6 Ilclll + llzll 1a exkW) + N, exp(W 
d C lIcl II + fth + N1 1 expW), (10) 
and 
II T, .Y(t)ll G llczll + 6 II a s, x(s), y(s), 1) - g(s, 4 4 ~111 ds
+ s b II&, 0, 0, A)ll ds f 
d IICZII + 1” 4(s) Il4s)ll B exp( -Ls) exp(ls) ds + N, exp(lt) f 
6 IIc211 + II4 1 B expW + N2 wW-4 
6 C II41 + MP + N,l exp(lt). (11) 
From (10) and (11) we have 
II Tzll 1 6 c lkl II + IIc2lI + Ma + B) + w + NJ. 
This proves that T maps S into itself. 
Now we verify that the operator T is a contraction map. Let z = (x, y), 
Z= (2, j) E S be such that Tz = (T,x, T2 v), T2= (T,i, T2 j). From 
hypothesis (H 1) we have 
I( T,x(t) - T,.f(t)(l < j’ IIf(s, x(s), y(s), 1) -f(s, X(s), Y(s), AIll ds a 
Q s ’ p(s) lb(s) - +)llB exp( -Ls) exp(~s) ds a 
d a Ilz - Zll 1 expllt), (12) 
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and 
$ 1 b q(s) lb(s) - Z(s)llB exp(-Ls) exp(ls) ds f 
6 P llz - 41 1 exp(lt). (13) 
From (12) and (13) we have 
II Tz - WI I< (a + 8) llz - Zll 1. (14) 
Since tl + fl< 1, it follows from the Banach fixed point theorem that T has 
a unique fixed point in S. The fixed point of T is however a solution of 
BVP (l)-(4). This completes the proof of the theorem. 
The following theorem determine conditions for continuous dependence 
of solutions of BVP (l)-(4) on a parameter 1. The idea of the proof is 
based on the result given by the present author in [ 10, Theorem 21 (see 
also [ll]). 
THEOREM 2. Let (H, ), (Hz) and (H3) hold. Then the soluion (x( t, A), 
y(t, A)) of BVP (l)-(4) belonging to S is continuous with respect to the 
variables (t, A) in Ix R. 
Proof. For z = (x, y) E S we define the operator T,z = ( Tllx, T,, y), 
where T,Ax and Tzl y are defined by the right sides of the equations (8) 
and (9), respectively. From ( 14) we have 
II T,z - T,A/ 1 f (a + B) lb - 8 1. (15) 
Next from hypothesis (H,) we obtain for A, A, E R, 
II Tux(t) - T,noxWll G jt IV-( s, x(s), Y(S), A) -As, x(s)> Y(S), Ml ds a 
<Ml IA - Ad exp(lt), (16) 
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and 
II TZA v(t) - Ts,, ill G jb II As, x(s), Y(S), A) - ds, x(s), Y(S), Ml ds 1 
G .i p qob) IJ. - &I ds 
< f&f2 (A - A,1 exp(lt). (17) 
From (16) and (17) we have 
II T,z - L,zll I G W, + Md IA - 411. (18) 
From Theorem 1 there exists a unique function z(t, A) = (x(t, A), y(t, 1)) 
such that T,z(t, 2) = ( Tlix(t, A), T,, y(t, A)) = z(t, 2) and T,z( t, I,) = 
(Tlhx(t,&), T2hy(t,&))=z(t,&) for tEIand II,R,ER. From (15) and 
(18) we have 
Ilz(t, 2) - 46 &)I!1 6 II TAt, 1) - T,z(t, Ml 1 
+ IlT~z(t, A,) - C,,z(t, Mll I 
6 CM + P) II44 1) - z(t, &)I 1+ (MI + M2) IA - &I, 
and hence 
Ilz(t, A)- z(t, &)I1 1 Q w, + M,)Cl - (@. + ml-’ IA - &I. 
This shows that the function z(t, A) is continuous with respect to the 
variable 2 in R uniformly with respect to the variable t in I and con- 
sequently z(t, 1) is also continuous with respect to the two variables (t, 2) 
in Ix R. The proof of the theorem is complete. 
We note that BVP (l)-(4) is of more general type and contains as a 
special case the boundary value problems for second order equations 
studied by Baily [ 11. In [7, 8, 12, 131 the authors have studied 
BVP (1 k(4) when 2 = 0 by using different echniques. For earlier results on 
the same type of problems, see [2-5, 141. An important feature of our 
approach here is that it is elementary and provides a uniform treatment for 
problems of this type. 
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